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Recently it has been claimed that no extension of quantum theory can have improved predictive
power, the statement following, according to the authors, from the assumptions of free will and of
the correctness of quantum predictions concerning the correlations of measurement outcomes. Here
we prove that the argument is basically flawed by an inappropriate use of the assumption of free will.
In particular, among other implications, the claim, if correct, would imply that Bohmian Mechanics
is incompatible with free will. This statement, appearing in the paper, derives from the unjustified
identification of free will with the no-signaling constraint and of a purely formal and not physical
use of such a constraint.
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1. INTRODUCTION
In a recent paper, Colbeck and Renner [1] have argued
that the assumptions
• that the observers can freely choose which specific
measurements to perform on the constituents of a
composite quantum system in an entangled state,
and
• that the statistics of the outcomes agrees with
quantum predictions,
imply that any extension of quantum theory cannot con-
vey any additional information about the outcomes of
future measurements with respect to the one supplied by
the state vector. In other words, no completion of the
theory is possible.
The authors consider two particles heading towards
two measurement devices that have a number of possible
settings, identified by two parameters A and B, that can
be chosen freely and independently by the experimenters.
The measurements yield results denoted by X and Y, re-
spectively. At this point the authors raise the question of
whether there could exist a further source of information
Ξ allowing to predict more accurately the outcomes.
The novelty of the approach with respect, e.g., a stan-
dard hidden variable completion of quantum mechanics,
stays in the fact that the authors do not require (but
they even do not exclude) that such information yields a
precise knowledge of the outcomes (determinism) and in
the fact that they do not assume that the further infor-
mation be encoded in a classical system (as it happens in
the case of standard hidden variable theories). In partic-
ular, it might happen that to get the additional informa-
tion one has to access the source by a typical quantum
procedure, i.e. to input a quantum system C (a sort of
measuring apparatus) and to use the output Z from C to
increasee his knowledge concerning the state of the sys-
tem A+B. The only crucial aspect addressed in Ref. [1]
is whether the further information Ξ might enable one to
make more accurate predictions concerning the outcomes
than those implied by the knowledge of the state vector.
Moreover, the authors specify that A,B,C and X,Y,Z are
spacetime random variables whose values can be associ-
ated to precise spacetime points (t, r1, r2, r3). This im-
portant specification is useful to make fully precise the
assumption that the two measurement procedures and
the associated outcomes are space-like with respect to
one another.
At this point the authors formulate their first request,
denoted as FR, that the observers can independently
choose the measurements they perform. Using their
words:
Assumption FR is that the input, A, of a mea-
surement process can be chosen such that it is
uncorrelated with certain other spacetime ran-
dom variables, namely all those whose coor-
dinates lie outside the future lightcone of the
coordinates of A.
It is meant that this assumption holds also for B and C.
The second fundamental request (denoted as QM) is that
the present quantum theory is correct, i.e.:
Measurement outcomes obey quantum statis-
tics and [...] all processes within quantum
theory can be considered as unitary evolu-
tions, if one takes into account the environ-
ment. [Moreover] the second part of the as-
sumption need only hold for microscopic pro-
cesses on short timescales.
The main mathematical objects the paper deals with
are joint distributions of measurements and outcomes,
typically objects like PXY Z|ABC , PY Z|ABC , PXY |AB and
2similar ones. The authors start by formalizing their re-
quest FR of free choice of the settings A, B and C in the
following precise way:
PA|BCY Z = PA
PB|ACXZ = PB (1)
PC|ABXY = PC .
From such relations they derive, with simple manipu-
lations involving conditional and unconditional probabil-
ities, the three following relations:
PY Z|ABC = PY Z|BC
PXZ|ABC = PXZ|AC (2)
PXY |ABC = PXY |AB,
which are the non-signaling constraints on which all the
subsequent arguments are based. In fact these con-
straints, when applied to appropriately chosen measure-
ments on a maximally entangled state (or, by extending
the procedure, to an arbitrary entangled state) lead to
the basic conclusion of the paper which the authors sum-
marize in the following way: the extra information Ξ
is of no use since the distribution of X given A and Ξ
is the same as the distribution of X given only A. Ac-
cordingly, the authors claim to have proved that under
the assumption that measurement settings can be chosen
freely, quantum theory really is complete.
In our opinion, this conclusion is incorrect because the
formal expression (1) of the FR assumption in [1] does not
properly express the free will condition, and additional
constraints are hidden in it. Our wariness comes first of
all from the consideration that hidden variables models
predictively equivalent to quantum mechanics, where ad-
ditional knowledge on the state of the system can modify
the quantum statistics without allowing faster than light
signalling and in which free will is tacitly assumed, have
been developed. In fact, in these theories the main issue
is the accessibility of the hidden variables, and free will is
not called into question. The prominent example of such
theories is Bohmian mechanics, where the hidden vari-
ables are given by the positions of the particles, which are
assumed to be fully unaccessible, and the experimenters
have free will. For sake of clearness and for future refer-
ence we will make to it, in Appendix A we describe an
elementary hidden variable model for the singlet state of
a pair of two-levels systems, which, for the present pur-
poses, is conceptually equivalent to Bohmian mechanics
and which has been recently discussed by us [2] with ref-
erence to a proposal by Leggett [3]. It is consistent with
quantum theory, it violates the conditions (1) despite the
fact that observers can very well be assumed to have free
will, and, in it, the accessible additional information on
the state leads to probabilities which differ from those of
quantum mechanics.
The result of Colbeck and Renner is valid for both de-
terministic or probabilistic completions of quantum me-
chanics. Nonetheless, in order to contextualize this con-
tribution and to clearly formulate our criticism to the
authors’ assumptions, in Section 2 we mainly concen-
trate on deterministic models, like Bohmian mechanics
and the modified Bell model presented in the Appendix.
We show that, for such a class of models, the result de-
rived in [1] is not new, although usually it is interpreted
in a different way. In Section 3 we address the problem of
the accessibility of the hidden variables and its relations
with the non-signalling conditions. In Section 4 we dis-
cuss the standard approach to free will in deterministic
theories, and comment upon the assumption FR under
this perspective. In Section 5 we propose a possible al-
ternative approach to the problem of imposing free will
which makes explicitly clear that the constraint (1) is
stronger than necessary. In particular, under this per-
spective, we show that it is possible to have theories in
which the free will assumption is respected, but the non-
signalling conditions are violated. In Section 6 we outline
the analogies between the theorem presented in [1] and
the famous example of the von Neumann no-go theorem
against deterministic hidden variable theories. Finally,
we summarize our results and conclude in Section 7.
2. ON DETERMINISTIC COMPLETIONS OF
QUANTUM MECHANICS
We are confronted with the following situation: we
have an extremely simple model [2] (a trivial general-
ization of a proposal [4] by Bell) and the very general
theory worked out by Bohm, which everybody has taken
seriously as perfectly acceptable completions of quan-
tum mechanics consistent with the free will assumption,
and both of them violate the constraints that are put
at the very basis of the argument of Ref. [1]. Since
such constraints derive in a straightforward way from (1),
which the authors consider as appropriately expressing
the physical request that the settings of the apparatuses
can be chosen freely, it is just this condition which has
to be critically investigated.
As pointed out by Colbeck and Renner themselves, the
non-signaling constraints (2) imply PX|ABZ = PX|AZ
and PY |ABZ = PY |BZ , i.e., they require the candidate
theories under consideration to satisfy the Parameter In-
dependence (PI) condition. Now, it is universally known
that any deterministic theory which reproduces the pre-
dictions of quantum mechanics cannot violate Outcome
Independence (OI) and therefore, since it must violate
Bell’s locality, it must violate precisely the PI request.
From this point of view the whole and complicated proof
of Ref. [1] becomes trivial in the case of deterministic
completions of quantum mechanics. By indicating as
{Det. Compl.} any deterministic completion of the the-
3ory, the whole argument, for the case under discussion,
can be summarized in the following terms:
FR ⊃ PI ⇐⇒ ¬(PI) ⊃ ¬FR (3)
{Det. Compl.} ⊃ ¬(PI) ⊃ ¬FR,
i.e., as already stated,
FR ⊃ ¬{Det. Compl.}. (4)
Actually, the just outlined derivation of the conclusion
(4) for deterministic hidden variable theories turns out
to have a much more general validity. In fact, A. Fine [5]
has been able to prove that for any factorizable stochastic
hidden-variable model for a correlation experiment there
exist a deterministic hidden variable model for the same
experiment. Thus, the straightforward derivation of the
impossibility of a deterministic completion following from
(1) actually applies also to a much larger, and actually
the most physically interesting and investigated, class of
stochastic hidden variable models. We believe that it is
appropriate to quote Fine himself on this point:
despite appearances, no significant generality
is achieved in moving from deterministic hid-
den variables to stochastic ones ... [and] ...
no significant generality is achieved by those
derivations of the Bell/CH inequality that dis-
pense with explicit reference to hidden vari-
ables and/or determinism.
In full agreement with their identification of the FR
with the relations (1), Colbeck and Renner explicitly
state that in the context of de Broglie-Bohm theory the
presence of nonlocal hidden variables contradicts assump-
tion FR, and, as a consequence, in this theory there is no
free will.
This quite general and revolutionary statement seems
to us fully inappropriate and it gives clear hints concern-
ing the reasons for which the analysis of Ref. [1] is not
conclusive. In our opinion the weak points of the ar-
gument are: (i) the assumption that free will is strictly
connected to the causal structure of the problem, and, in
particular, the request that free will implies impossibility
of superluminal communication; (ii) a non clear position
concerning the accessibility or inaccessibility of the fur-
ther information completing the one given by the state
vector. It seems to us that it has been just the focus
the authors have put on quantum non locality and the
associated problem of the potential “spooky action at-a-
distance” that has led them [12] to express the free will
request in the form (1).
In the next section we will comment, first of all, on
the problem of the relations between faster than light
signaling and the accessibility of the hidden variables.
3. FREE WILL AND THE ACCESSIBILITY OF
THE HIDDEN VARIABLES
Colbeck and Renner, in their paper, have not faced
the crucial problem of the accessibility or inaccessibility
of the further information on the system, for brevity sake,
let us say of the hidden variables [13]. Actually, there is
no doubt that a theory completing quantum mechanics
by controllable hidden variables which (by themselves or
used in addition to the state vector) determine the out-
comes of all conceivable observables, allows faster than
light communication between observers. But when, as in
the case of Bohmian mechanics, the hidden variables are
assumed to be fundamentally unaccessible, in the sense
that the two experimenters have no control on them, su-
perluminal communication becomes impossible and there
is no need and no physical reason to impose, at the ba-
sic level, the non-signaling conditions in the precise form
(2). With reference to this point one can see the detailed
analysis by A. Shimony [6] concerning controllable and
uncontrollable nonlocality. Since the requests (1) imply
the NS relations (2), a violation of such relations implies
a rejection of condition (1).
We are firmly convinced that this is the crucial point
of the problem: the compatibility of any completion of
quantum mechanics with the relativistic requirement of
no superluminal communication has much more to do
with the accessibility or nonaccessibility of the formal
elements completing the theory than with the possibility
of freely choosing the apparatus settings. It is in this
spirit that we do not agree with Colbeck and Renner’s
way of imposing free will.
For further reference, we denote by Λ the so-called on-
tic state of the system, that is, the most complete spec-
ification of the state of the system which is in principle
possible within a given theory. In general, it embodies
also the information contained in the quantum state vec-
tor, and it differs from the hidden variables (denoted by
λ in this work), which are usually assumed to complete
the information given by the state vector. We stress that
Λ is generally assumed (as it is necessary, see below) to
be not fully accessible, and this fact allows to circumvent
the problem of faster than light communication. Now, it
is not clear whether, in Ref. [1], the additional informa-
tion Ξ jointly with the quantum state vector is equivalent
to knowledge of Λ, or it is rather expected to represent
only the accessible information contained in Λ. Nonethe-
less, the operational procedure for accessing Ξ suggests
that the authors assume that the accessible information
is given by Z.
4. FREE WILL AND DETERMINISM
In contrast with the authors’ position, in the usual
EPR-Bohm type of scenario one usually (and tacitly)
4assumes that the settings of the devices can be chosen
“freely”, i.e., independently of the specification of the
state of the incident particles. Typically, in the most sig-
nificative experiments (as those of Aspect) the settings
are generated by independent random number genera-
tors, so that there is nothing in the past light cone of the
individual measurement events determining which choice
will be made.
However, in fully deterministic theories such as
Bohmian mechanics itself the choice of the settings might
be (in principle) influenced by events in their past and,
therefore, the pasts of the settings overlap with the situ-
ations which will play a role concerning the states of the
particles being measured prior to the measurement pro-
cesses. A complete specification of the state will therefore
include facts which in some measure are relevant for the
settings, so that there is a certain subtle incompatibility
of the assumption that the choice of the settings can be
made independently of the state of the particles. It seems
that it is just this point which has led Colbeck and Ren-
ner to be so strict in putting forward their request FR.
However, the potential tension between possible past in-
fluences on the settings and the assignment of the state
of the physical system has already been exhaustively dis-
cussed and clarified in the literature.
In particular, this problem has been considered both
by Bell and by Shimony, Clauser and Horne [7] and has
been recently lucidly analyzed by T. Norsen [8] along
lines which we recall here. To overcome the just men-
tioned difficulty one merely allows that the events in the
relevant region can be divided into disjoint classes: those
which are influenced by the preparation procedure and
specify the state of the system and those which enter
in the choice of the settings. These two classes are far
from jointly exhaustive so that one can expect a causal
distance between them which makes the “freedom” as-
sumption a quite reasonable one. As Bell himself has
acknowledged [9]:
it is not permissible to regard the experimen-
tal settings in the analyzers as independent of
the supplementary variables λ, in that a and b
could be changed without changing the proba-
bility distribution ρ(λ). Now, even if we have
arranged that a and b are generated by ap-
parently random radioactive devices, housed
in separate boxes and thickly shielded, or by
Swiss national lottery machines, or by elab-
orated computing programmes, or by appar-
ently free will experimental physicists, or by
some combination of all of these, we cannot
be sure that [the settings] a and b are not
significantly influenced by the same factors λ
that influence [the outcomes] A and B.
but he has also felt the necessity of making absolutely
clear that:
... this way of arranging quantum mechani-
cal correlations would be even more mind bog-
gling that one in which causal chains go faster
than light. Apparently, separate parts of the
world would be deeply and conspiratorially en-
tangled, and our apparent free will would be
entangled with them.
Moreover he subsequently added [10]:
One can envisage then theories in which there
just are no free variables for the polarizer an-
gles to be coupled to. In such ‘super deter-
ministic’ theories the apparent free will of the
experimenter, and any other apparent ran-
domness, would be illusory. Perhaps such
a theory could be both locally causal and in
agreement with quantum mechanical predic-
tions. However I do not expect to see a seri-
ous theory of this kind. I would expect a seri-
ous theory to permit ‘deterministic chaos’ or
‘pseudo randomness’, for complicated subsys-
tems (e.g. computers) which would provide
variables sufficiently free for the purpose at
hand. But I do not have a theorem about that.
It is also useful to recall, as Norsen did, the clear-cut
position taken in Ref. [7] on the issue of the “freedom”
or “no conspiracies” assumption we have just mentioned:
we feel that it is wrong on methodological
grounds to worry seriously about [such an as-
sumption] if no specific causal linkage is pro-
posed. In any scientific experiment in which
two or more variables are supposed to be ran-
domly selected, one can always conjecture that
some factor in the overlap of the backward
light cones has controlled the presumably ran-
dom choices. But, we maintain, skepticism
of this sort will essentially dismiss all results
of scientific experimentation. Unless we pro-
ceed under the assumption that hidden con-
spiracies of this sort do not occur, we have
abandoned in advance the whole enterprise of
discovering the laws of nature by experimen-
tation.
This kind of argument is particularly pertinent and sig-
nificative when one is considering theories which violate
PI, but in which the hidden variables are assumed not to
be fully accessible.
Notice that, under this perspective, the request embod-
ied in the assumption FR appears too strong even only
from a conceptual point of view, irrespective of its math-
ematical formulation. What really matters is that the
variables in the intersection of the past light cones of the
events corresponding to the measurement choices, cannot
correlate the choices of the two far away experimenters.
5But separate influences could be accepted, while they are
prevented by FR: expressing free will through FR can be
questioned also on this basis.
The mistake of Colbeck and Renner should now be
clear: even if the unavoidable nonlocal character of the
theories we are dealing with is taken into account, it is not
physically reasonable to impose the free will condition in
the way chosen by the authors. Actually, there is no
compelling physical reason to impose the constraints (1),
which in general cannot be identified with the free will
requirement, so that extensions of quantum theory with
improved predictive power can exist, at least in principle
(for instance, see [2]).
Before concluding this Section, we consider it appro-
priate to enrich the above analysis based on general log-
ical and epistemological considerations with an example
strictly related to the model we have presented in the
appendix. As we have formulated it, the model is per-
fectly neutral concerning the problem of the choice of
the settings. However, one could pretend that, given
the framework we have chosen - specifically one in which
the completion of the theory implies determinism - we
should also include the apparatuses and their settings in
the game, so that also the choices of the settings would
be predetermined within the enlarged theoretical scheme.
Apart from the not fully compelling direct extension
of the proposal from microsystems to macroscopic ap-
paratuses, let us take the challenge represented by this
remark. Our system is now composed of 3 subsystems,
the apparatuses A and B and the composite system in
the state ψ. In the spirit of our approach we might then
consider the initial apparatus states Ψ(A) and Ψ(B), fur-
ther variables λA and λB supplementing the information
given by the corresponding state vectors and, finally, the
state ψ and the variable λ of the scheme. We note that
this separate consideration of the various state vectors
and hidden variables is not arbitrary, actually it is quite
natural, in particular when the initial state is non entan-
gled. In such a case, in quantummechanics the total state
vector would factorize, Ψtotal = ΨA ⊗ ΨB ⊗ ψ. Accord-
ingly, the probabilities of the choice a for the setting of A
and b for the setting of B would depend on [ΨA, λA] and
[ΨB, λB] respectively, and they would be uncorrelated.
These choices would also exhibit no correlations with the
state vector ψ and the value λ accounting for the state of
the composite microsystem. In no sense one can say that
the choice of the setting at A is influenced either by the
setting atB or by the preparation of the system. It is true
that within the considered enlarged scheme the settings
are predetermined by the initial conditions, but, due to
the absence of correlations, to claim that the choice of the
settings influences the whole experiment would require to
make the same claim for all classical physics, something
that nobody would take seriously [14].
5. FREE WILL AND THE NON-SIGNALLING
CONDITIONS
As it emerges from our analysis, the key problem of the
present debate is how to impose to a theory the condi-
tion that the settings can be chosen freely by the experi-
menters. We do not intend to tackle here this extremely
delicate point in its generality. We think we have already
made clear that the way in which Colbeck and Renner
have embodied this request in their approach is not jus-
tified and, to a large extent, it amounts to assume what
they actually want to prove.
From this point of view it is useful to call the atten-
tion of the reader on the fact that one might choose other
ways, in place of imposing condition (1), to express for-
mally the free will of the experimenters. Just to present
an illuminating example we mention that, in a recent pa-
per [2], we have formulated the request of free will by
conditions, denoted by FW, which make reference exclu-
sively to the fact that the two observers can indepen-
dently choose their settings:
PA|BΛ = PA, PB|AΛ = PB. (5)
This constraint implies the relevant factorization PABΛ =
PAPBPΛ, which means that the two experimenters can
freely and independently choose which observable to
measure. Moreover, it implies that the hidden variables
(or, more in general, the ontic state) cannot influence
these choices (compare with the discussion of Section 4).
Our request FW is not expected to represent the correct
mathematical expression of the free will, but just to pro-
vide concrete evidence that assumption FR is stronger
than necessary.
Notice that the assumption FW does not involve a
third party, and its measurement setting C. Actually,
the authors of [1] remark that the additional information
supplementing the state vector
[...] must be static, that is, its behavior can-
not depend on where or when it is observed
[...] so, we can consider the case where its
observation is also space-like separated from
the measurements specified by A and B.
Differently from Colbeck and Renner, to make more clear
our critical remarks on the assumption FR, we take this
statement as an independent assumption, denoted as ST,
and mathematically expressed as
PCZ|ABXY = PCZ . (6)
There is another striking difference between the condi-
tions FR and FW: the former involves the random vari-
ables X and Y , the latter does not. We believe that
it is important to avoid this dependence, since the ex-
tra variables X and Y could bring spurious correlations,
completely independent from the free will assumption.
6To better clarify this idea, let us assume that we are
interested in the free choice of A, and let us raise the fol-
lowing question: if PA|BCY Z 6= PA, can we conclude that
A cannot be freely chosen? We do not think that this is
the case. For instance, we might suppose that the two
Stern-Gerlach apparatuses located at the opposite wings
of the experiment could superluminally communicate, at
a suitable finite speed. In the rest frame of the two ex-
perimenters, the communication happens after the free
choice of A and B, and before the generation of the out-
puts X and Y . In this way, correlation between A and Y
might be produced. Even though it is highly implausible
that a physical process as the one just mentioned has any
physical meaning, its consideration serves the purpose of
making clear that the request PA|BCY Z 6= PA does not
forbid that A and B can be freely and independently
chosen. In other words, as previously remarked, we be-
lieve that a good mathematical formulation of the free
measurements choice should not automatically reject sit-
uations where free will and superluminal communication
coexist. This is not the case when the FR assumption is
considered, since it implies the non-signalling constraints
(2), as stated in Section 1.
In Ref. [2], we have considered convenient to write non-
signalling conditions in a way which is independent from
the additional information on the ontic state and the set-
ting of its measuring device, expressed by:
PX|AB = PX|A, PY |AB = PY |B. (7)
Conditions (7) are weaker than relations (2), still they
fully express the impossibility of superluminal communi-
cation in the standard EPR scenario. In the following,
we refer to Eq. (7) as the NS assumption.
As proven in [11], the relation between FR, FW, ST
and NS is given by
FW ∧NS ∧ ST ⇒ FR, (8)
and, if the ontic state Λ is fully accessible, also the inverse
implication holds,
FR⇒ FW ∧NS ∧ ST. (9)
Therefore, in the case considered by Colbeck and Renner,
the FR assumption is equivalent to the logical conjunc-
tion of our assumptions FW of free will, staticity ST of
the ontic state, and impossibility of superluminal com-
munication, NS. This result proves our statement that
FR is more than the free choice assumption, and shows
that, at least when the ontic state is (partially or totally)
unaccessible, negation of FR does not necessarily imply
absence of free will. It might depend on a violation of free
will, on the fact that the additional information on Λ is
not static, or on a violation of the impossibility of super-
luminal communication. Of those, the second condition
appears the easiest to digest: why the extra information
on Λ, which is complementing the information provided
by the state vector should be static, when the state vec-
tor itself, and the measurement procedure involved in its
preparation, are not space-like separated with respect to
A and B?
Therefore, the completeness argument presented by
Colbeck and Renner has not the claimed generality, al-
though it is formally correct. In particular, with reference
to Bohmian mechanics, the statement that measurement
settings cannot be freely chosen is not justified. If we as-
sume that Λ is fully accessible (that is, that all positions
are known) it is a well known fact that the theory allows
superluminal communication. On the other hand, the
additional information on the ontic state is not static (in
fact, in the case under consideration, it should be a par-
tial information on the positions, which are distributed
according to ψ, which in turn is certainly a non-static
quantity). In both cases, violation of FR does not re-
quire lack of free will. In Ref. [2] we have been able to
work out an interesting completion of quantum mechan-
ics, precisely in the spirit suggested by Leggett.
6. AN IMPROPERLY FORMULATED NO-GO
THEOREM
To make clearly our argument we mention the state-
ments on which we fully agree with the authors: i) The
fact that the locality assumption by Bell (which we will
denote as B-Loc in what follows) amounts to the request
that PXY |ABZ = PX|AZ PY |BZ , provided one assumes
that Z represents the maximal specification which is in
principle possible of the state of the system; ii) The state-
ment that B-Loc is equivalent to the logical conjunction
of the requests of (PI) and (OI); and iii) The proof that
their way of imposing FR implies PI. So, the paper by
Colbeck and Renner is formally correct and the conclu-
sions correctly follow from the assumptions. But the cru-
cial point is that, as we believe of having made clear, the
conditions (1) are, by no means, physically necessary and
appropriate.
This leads us quite naturally to establish a parallelism
between the celebrated and controversial proof of von
Neumann concerning the impossibility of deterministic
completions of the theory and the argument of Colbeck
and Renner. Von Neumann, by making the (quite natu-
ral) assumption that any completion of quantum mechan-
ics had to respect the linear relations between the values
of quantum observables has derived, in a correct mathe-
matical way, the proof that no deterministc completion
of quantum mechanics is possible. All of us know very
well that it has been just J. Bell who has made perfectly
clear that, in spite of its mathematical correctness, von
Neumann’s proof was not physically significative because
it was based on a physically not necessary assumption.
The present situations shares some aspects with the
7one we have just mentioned. Colbeck and Renner have
been guided by the correct idea that the requests of free
will has to be imposed to any completion of quantum
mechanics. With this in mind, they have translated this
request in a precise mathematical condition - which has
nothing to do with the one advanced by von Neumann
- i.e. their assumption (1). From it they have correctly
derived the conclusion which generalizes the one of von
Neumann, i.e. that no completion whatsoever (determin-
istic or stochastic) of quantummechanics is possible. One
can understand the reasons which have led Colbeck and
Renner to resort to condition (1) to express FR, i.e. the
fact that it straightforwardly implies the non-signaling
conditions which forbid superluminal communication be-
tween observers. However, just as in the case of von Neu-
mann, the mathematical constraints they have chosen to
impose to the class of theories they have considered are
not logically necessary and too strict since one can easily
guarantee the impossibility of superluminal communica-
tions without resorting to condition (1).
7. CONCLUSIONS
Our conclusions should be clear to all who have fol-
lowed the previous argument: the paper by Colbeck
and Renner is based on a too strong and not physically
and epistemologically convincing assumption of free will
which trivially implies that all theories they take into
account must satisfy the PI conditions. By analyzing
a large class of hidden variable theories, we have made
clear that the very starting assumption of Colbeck and
Renner to formalize the free will request is too and un-
necessarily strict. Even though we have mainly confined
our attention to deterministic nonlocal hidden variable
completions of quantum mechanics we have made clear
the reasons for which the basic claim of Ref. [1], that no
extension of quantum theory can have improved predic-
tive power, is not correct when one assumes that at least
a part of the parameters completing the theory are not
accessible.
Appendix: An oversimplified completion of quantum
mechanics
We present here an extremely simplified model of a
deterministic hidden variable theory, which is a more el-
egant and symmetric (from the point of view of its non-
local features) reformulation of Bell’s famous example [4]
of a nonlocal deterministic hidden variable theory for the
correlations of the singlet state. Such a model has been
recently discussed [2] by the two of us, with reference
to a proposal put forward by Leggett [3]. Exactly as
Bohmian mechanics, this model satisfies the aforemen-
tioned assumption QM, but it fails to fulfill FR, as we
shortly prove.
The model goes as follows. One considers the system of
two identical spin 1/2 particles in the singlet state, which
at a given time t (in a given reference frame) are confined
to two far away space regions and can be subjected to
experiments aimed to ascertain the value of their spin
components along two freely chosen space directions a
and b. The system is characterized by the assignement
of the state vector ψ (which in our case is the singlet)
and by a hidden variable λ, which is a unit vector in
the three dimensional real space and is assumed to be
uniformly distributed on the surface of the unit sphere.
One then assumes:
• In the case in which only one of the subsystems
is subjected to a measurement the value taken by
σ(1) · a is given by Aψ(a,b, λ) = sgn(a · λ), and
similarly for σ(2) · b, with outcome Bψ(a,b, λ) =
−sgn(b · λ).
• On the contrary, if two measurements are per-
formed, the assignment of λ uniquely and
nonlocally determines the outcomes as follows:
Aψ(a,b, λ) = sgn(aˆ ·λ) and Bψ(a,b, λ) = −sgn(bˆ ·
λ), where the vectors aˆ and bˆ lie in the plane iden-
tified by a and b, and are obtained by these vectors
by rotating them in such a way that they are still
symmetrically disposed with respect to the bisec-
tor of the angle ω (with 0 ≤ ω ≤ pi) between a and
b, and form an angle ωˆ satisfying, as in the case
of Bell’s model, ωˆ = pi sin2 ω2 . Notice that ωˆ ≤ ω
when ω ≤ pi/2, and ωˆ ≥ ω when ω > pi/2.
By using the above relations one can easily prove that
the model, when the appropriate average over λ is per-
formed, is predictively equivalent to quantum mechanics.
Stated differently, it represents, just as Bohmian mechan-
ics, a precise extension (even though limited to the singlet
state) of quantum mechanics.
In what follows, we will consider the case in which X
is the value of the observable σ(1) · a, A is the space of
the settings a, B is the space of the settings b for the
observable σ(2) · b, C stays for the space of the hidden
variable and Z = λ for a precise value of the hidden vari-
able itself. However, the reader will not encounter any
difficulty in understanding the argument keeping in mind
these specifications, even though, for simplicity, we will
continue to use the generic expressions for the conditional
probabilities.
We consider PXZ|AC , and we take into account that
this probability is different from zero only for X = ±1
and takes the value +1 when X = +1 and a · λ > 0 and
the value 0 when X = +1 and a · λ < 0 (the two values
must be exchanged when the probabilities refer to the
outcome −1). We can now evaluate PXZ|ABC . From the
prescriptions given above, for some values of a and λ, it
is possible to choose the setting b in such a way to make
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FIG. 1: Values of a,b and λ for which the non-signaling constraints
are violated.
PXZ|ABC = 0 when, for the considered λ, PXZ|AC = 1.
Actually, for simplicity let us align λ with the z-direction
and suppose that the angle between a and λ is θ 6 pi/2,
as shown in Fig. 1. Let us now consider the direction a⊥
and let us choose b lying between a⊥ and −a. Since the
angle ω between a and b is greater than pi/2, according
to the rules governing our model, aˆ is rotated, in the
clockwise direction, of an amount
ωˆ − ω
2
=
pi
2
sin2
ω
2
−
ω
2
(10)
with respect to a. If this amount is greater than pi2 − θ,
i.e., if θ satisfies the relation
θ >
pi
2
cos2
ω
2
+
ω
2
, (11)
the quantity aˆ · λ has opposite sign with respect to a · λ
and, correspondingly, PXZ|ABC = 0. It turns out that,
when pi/2 < ω < pi, condition (11) is always compati-
ble with θ 6 pi/2, and then the model does not respect
the non-signaling constraint imposed to any extension of
quantum mechanics in Ref. [1]. Therefore, it does not
satisfy Eqs. (1).
One might object that our example (which holds only
for a specific state ψ) is too simplified to allow general
conclusions of the sort we have drawn. However, such
an objection would be totally out of the target. In fact,
anybody familiar with Bohmian mechanics (the paradig-
matic example of a hidden variable extension of quantum
mechanics) knows very well that, in the case of two far
away spin 1/2 particles in an entangled state, a situation
which mirrors perfectly the one we have presented, oc-
curs quite naturally. Typically, for a given state vector
ψ, for given values of the positions of the particles (the
hidden variables) and for some fixed choice of the set-
ting of the apparatus in A, an observer in B can perform
an appropriate choice for the setting of his apparatus in
such a way that PXZ|ABC differs from PXZ|AC (obviously
here C stays for the positions of the particles and Z for
their precise values). So, also in this case, Eqs. (1) are
violated.
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